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Z TRANSFORM AND DFT

Z-Transform

Fourier Transform of a discrete time signal:

=2

X(ef¥) = z z(k)e 1wk

k=—o

Given a sequence x(n), its z transform is defined:

xa

X (2] = Z z(n)z "

n=—0u

Where z is a complex variable z=elw
 The z transform does not converge for all sequences or for all values of

» The set of values of z for which the z transform converges is called region of
convergence

» The properties of the sequence x(n) determines the region of convergence of X(z)
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Z TRANSFORM AND DFT

Z-Transform

782

Finite-Length Sequences : FIR filters X(z)= ) z(n)e™

T="1
Convergence requires : | z(n) |< oo n<n<n,
z may take all values except: z=o0i1fn; <0 and z=01ng >0
Region of convergence : 0 <| z |< 00
Compute X(2) : Il
7z=1 (w:O) rm:;j-.:g-gémq

2= (w=12) >/
z=-1(w=Tm) kil » Relz)

Unit circle inside \ /
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Region of convergence




Z TRANSFORM AND DFT

Z-Transform

In many cases X(z) is a rational function :

Ratio of polynomials

Values of z for which X(z)=0 Zeros of X(z)

Values of z for which X(z)=infinity Poles of X(z)

* No poles of X(z) can occur within the region of convergence (is bounded by poles)
« Graphically display z transform by pole-zero plot

Example:
Compute the z transform of the sequence x(n)=a"u(n)

X(z) = Zau(n Z(az =

N=—0x

1 Z

1 — gzmAvecz — @




Z TRANSFORM AND DFT

Z-Transform

If |a|]<1 the unit circle is included in the region of convergence, X(z) converges

For causal systems X(z) converges everywhere outside a circle passing through
the pole farthest from the origin of therz plaine.



Z TRANSFORM AND DFT

Z-Transform
ArpAousia Metaoxnuatiopos Z
o(n) 1
1
a’uln)
] —az-!
~ax"p(—n — 1) :
I —oz™!
az !
naeuin
kel (1 —az—!)?
ozt
—noau{—n — 1
( ) (1 —az-1)?
1 —{cosayg)z™}
COSs{n Hn
(nauln) 1 ~ 2(coswg)z~! + 2z~
(sin wg)z ™!

I_ sin{nown)u(n)

1— 2(cos ayg)z—! + 22




1)

2)

3)

4)

S)

Linearity:  az1(n) + bz2(n) = aXi1(2) + bXs(z)

Z TRANSFORM AND DFT

Properties of the Z-Transform

Shifting: z(n —m) = z27"X(z)

Time scaling by a Complex Exponential Sequence :

Convolution:

Differentiation:

a*z(n) = X(a '2)

y(n) = z(n) x h(n) = Y(2) = X(2) H(z)

nz(n) = —z

dX (z)
dz

GITAM ECE



Z TRANSFORM AND DFT
Relationship between Z-Transform and Laplace

If z=eST, s=d+jw
Z:e(dﬂ(}J)T: edT eJUJT

Then,
— a7 3 = i
|z |=¢€ Lz=wT=2nf/F, = 2nw/w,
£eplarwe s-plens
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Stability: Poles should be inside the unit circle
Stability criterion:  Finding the poles of the system
FIR digital filters always stable: Poies in origin



Z TRANSFORM AND DFT
Geometric Evaluation of Fourier Transform

X(z) has M zeros at z=2,,2,,...,Z,
X(z) has N poles at z=p,p,;---,Py
We can write X(z) in factored form:

X(z) = AE

Multiplying factors X(z) can be written as a rational fraction:

M .
b

e
X(2) = —
14 bz~
1=1
GITAM ECE

Thic form i< often ticed for aeneral filter de<ian



Z TRANSFORM AND DFT
Geometric Evaluation of Fourier Transform

The Fourier transform or system function :

«  Evaluating X(z) on the unit circle, z=ew

M .
[[(1 - ze™)
X(e’“’) - Az;l |
[1(1 — pie=7¥)
=1
M _ M '
[[[1—ze™| [[[e™ -]
. g R
| X(e™) =] 415 — = A| 5 —
[[[1—pie| [[|e™ —pi|
=1 =1

M N
ZX() =LA+ )Y L1—zeg ™)=Y (1 —-pe ™)

1=1 GITAM ECE 1=1



Z TRANSFORM AND DFT
Geometric Evaluation of Fourier Transform

- ‘\"‘-\‘\- 9
AN
| wT \pj\ Z2
! -
‘p'J \;\ .u‘%t 92

« From the point z= el* draw vectors to zeros and poles
 Magnitudes of vectors determine magnitude at w
 Angles determine phase

- 2129
X (™) |=
X 1= s pp

Example :

£X () =1 + B2 — (hrvian + 1h3)



Z TRANSFORM AND DFT
Inverse Z-Transform

From the inverse z transform we get x(n)
* Power series (long division)
« Partial fraction expansion

« Residue Theorem

Power series (long division)

« X(z) can be written as rational fraction:

_agt+mz ttaz i+ . +anvz Y

X —
(2 bo + izl +boz 2+, .+ byz M

« |t can be extended into an infinite series in z'* by long division :

X(z2)=z(0)+z(1)z' +z(2z?+z(3)z° + ...

GITAM ECE



Z TRANSFORM AND DFT
Inverse Z-Transform

Example:
Find the first 4 values of the sequence f(k)
2z~" 2z
2% —3z1 +1 22— 3z+2

F(z) =

2z .
22 —-324+2

2 L6z 2414273 4+,

f(k)={0,2,6,14....}
« The long division approach can be reformulated so x(n) can be obtained recursively:

(L]

Gp — Zx(n — 1)b;
z(n) = = n=12,..

bo

z(0} = =

bg GITAM ECE



Z TRANSFORM AND DFT
Inverse Z-Transform

Partial fraction expansion :

_apgtmz s+ tanz Y

Koy
(2 bo + izl +boz 2+, .+ byz M

» If poles of X(z) first order (distinct) and N=M,

cr1 02 CM
X = 5
(%) 9 1 —pizt " 1 —ppzt e —pmz !
C Coz Crz
= By =2 g o
&—P 22— D2 “Z —PM
« p(k): distinct poles, C, partial fraction coef.

* IfN<MthenB,=0

« If N>M then by long division make N<=M
GITAM ECE



Z TRANSFORM AND DFT
Inverse Z-Transform

« The coefficient C, can be derived as:

X(z)

Cyx = . (% — p)

2=Dk

« If X(z) contains multiple poles extra terms are required - X(z) contains mth-order
poles:

> 2
i=1 (Z—pk)%

1 dn?

D, =
Yo(m -9l dem

|- X (2)]

2=Dk
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Z TRANSFORM AND DFT

Inverse Z-Transform
Example:
Find the inverse z-transform : . 9,1 ~ 2z 3 2z
(z) 9222 _3z7141 2_-3z4+92 (z—2)(z— 1)
z  (2-2)z-1) (2-1) (2—2)
_X (Z)
( ) L (1 &5 2)
X(z) &
2 & (z ) 2=2 (2 o 1)
Lo & —n >
4 [(z— a)] " i
= - d s >
A [(z—l)] u(n), n>0

;’L‘(ﬂ,)=2'2n_2} 'RZO
GITAM ECE



Z TRANSFORM AND DFT
Inverse Z-Transform

Residue Theorem
|IZT obtained by evaluating the contour integral:

1 n—1
o7 i’z X(z)dz

 Where C is the path of integration enclosing all the poles of

z(n) =

Cauchy'’s residue theorem:

. Sum of the residues of z "1X(z) at all the poles inside C
. Every residue C,, is associated with a pole at p,
n—1 - 1 dm_l s n—1
Res 2" X (@), pe]= ooy~ p)e X ()] |
. m is the order of the pole at z=p,
. For a first-order pole:

Res [+ X (), pu] = (z = pi) " X (2

GITAM ECE
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Z TRANSFORM AND DFT

Inverse Z-Transform
Example: 5
Z
. . _ (s —
Find the inverse z transform : (2) (z=05)(z 1)
Zntl
X (2) =

(z—0.5)(z —1)?
Single pole @ z=0.5, second-order pole @ z=1

_ (z—05mt
Res [z X(z),0.5]  (2—058)(z—1)2 (2—1)? | s
_ (o5t n
= CosF - 2(0.5)
. B d (Z ) n+1
Res[z IX(Z)’I] - dz[(z—05)(z—1) ]
_ (z=05)(n+ 1" —
- (z — 0.5)2 z=1
05)(n+1) -1 _ 2(n — 1)

GITAMECE (0.5)2



Z TRANSFORM AND DFT
Inverse Z-Transform

Combining the results we have:
x(n)=2[(n-1)+(0.5)"]
No need to use inverse tables!!!

Comparison of the inverse z-transform
* Power series:
Does not lead to a closed form solution, it is simple, easy computer implementation
s Partial fraction, residue:
* Closed form solution,
* Need to factorize polynomial (find poles of X(z))
« May involve high order differentiation (multiple poles)

s Partial fraction : Useful in generating the coefficients of parallel structures for digital
filters.

% Residue method : widely used in theeﬁ‘?ﬁlélcsgis of quantization errors in discrete-time
systems.



Z TRANSFORM AND DFT
Solving Difference Equations Using Z-Transform

The difference equation of interest (IIR filters) is:
N M
y(n) =Y bia(n —i) = > _ my(n— 1)
=0 =0

N M
The z-transform is: Y(z) = Z biz X (2) = Z 3,2 'Y (2)
=0 =0

Y(z) _ E%”“z_*
X(2)

Transfer function is: H(z) =
1+ E a; 2"

If coefficients a,;=0 (FIR filter): H(z)

- 28 =

=0



Z TRANSFORM AND DFT
Solving Difference Equations Using Z-Transform

Example:

Find the output of the following filter : y(n) = x(n) + ay(n-1)
Initial condition: y(-1) =0
Input:  x(n) = ewu(n)

Using z transform:

Y(z) = X(z)+az1lY(2) z(n) = e/¥", X(z) = T ;wz_l
_ Y(z) _ 1
Hilz)= X(z) 1-—agz?
1

Y(z) = H(z)X(z) =

(1 —az"1)(1 —etwz—1)

el _piw el
Using partial fraction expansion: Y(2) = a&/l(i a:_l)) T (el _/ng—el) )
a™ ejwn
cITag(EEE= [a e ejw]u(n)



Z TRANSFORM AND DFT
Discrete Fourier Transform (DFT)

Techniques for representing sequences:
¢ Fourier Transform
s Z-transform
s Convolution summation

Three good reasons to study DFT
¢ It can be efficiently computed
s Large number of applications
o Filter design
o Fast convolution for FIR filtering
o Approximation of other transforms
% Can be finitely parametrized

When a sequence is periodic or of finite duration, the sequence can be
represented in a discrete-Fourier series

Periodic sequence x(n), period N =
, , = Y (27 /NYkn
GI%&/\RE)CE kz (k)e
=—0



Z TRANSFORM AND DFT
Discrete Fourier Transform (DFT)

Remember: el% periodic with frequency 21r
2rkn/N=2mrn = k=N
N distinct exponentials

z(n) = Z X (k)e2n/N)kn
N

,1/N just a scale factor

N-1
The DFT is defined as: X (k) = Z x(n)e_jz’rk“m = X ()
n=0 w=2xk/N
DFT coefficients correspond to N samples of X(z) :
X(k) = X(2)
y—pi2Wk/N

GITAM ECE



Z TRANSFORM AND DFT
Properties of the DFT

Linearity
If x(n) and y(n) are sequences (N samples) then:

ax(n)+byn) €= aXk)+bVYk)
Remember: x(n) and y(n) must be N samples,

otherwise zerofill

Symmetry
If x(n) is a real sequence of N samples then:
Re[X(k)] = Re [X(N-K)]
Im[X(k)] = -Im[X(N-k)]
IX(K)| = |X(N-K)|
Phase X(k) =- Phase X(N-k)
If x(n) is real and symmetric x(n) = x(N-n) then:
X(K)is purely real GITAM ECE



Z TRANSFORM AND DFT
Properties of the DFT

Shifting Property
If x(n) is periodic then x(n) €= X(k), x(n-n,) €= X(k) ed@mN)n k

If x(n) is not periodic then time-shift is created by rotating x(n) circularly by n,
samples.

4 =(n) z({n — 1))4Rq(n)
34 3
24 2
1+ 1
[ : T ,,
>—— e - e e >
“l =] - TR Ry (U -2 =1 l 1. & 8 & 3
(o) Eva onjpa drekprzon xpdvou uixoug N=4. () KuxAwer petatdmon kot éva,
:r((n — 2))4724{7!) n - 3))472‘(71)
2
1 I
*—0 @ T - "
> o—0
-2 -1 | 1 2 3 4 3 o SR I 5
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Z TRANSFORM AND DFT
Convolution of Sequences

If x(n), h(n) are periodic sequences period N, DFTs:

N-1
X(k) = Z z(n) g=12n/Nnk

n=0
N-1 |
H(k) = E h(n)e_m"/ Nk

y(n): circular convolution of x(n), h(n)

Y (k) N-point DFT of y(n) ey

y(n) =Y _z(h(n — 1) = z(n) ® h(n)

=0
Y (k) = X(k) - H(k)

Linear convolution has infinite sum.
>0

y{n) E z(]
GITAM ECE
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Z TRANSFORM AND DFT
Convolution of Sequences

* Imagine one sequence around a circle N points.
« Second sequence around a circle N points but timed reversed
Convolution: multiply values of 2 circles, shift

multiply, shift, ...... N times
. ni=_ 0 1 2 S B i P
Example' ) = ' 2{04|06(08i10[1.2 147-:['_".'3
hin) = [r-”n% 0.5 |lo7 o.el1 1.2 17.1
14
1.2 >/” e 0 1.6
p =
5 0.7 = . - y ( \\
/ > g '
] / \\-.
! { 3 \ |
1 —I 09 —i \ IP— 1 I|
| '
5 S A
\ 1.1 e ) - /
\ [ - /
\>‘\_ s S} 2l <

‘—'— — GITAM ECE



Z TRANSFORM AND DFT
Convolution of Sequences

n= -1 =2 -3 -4 -§ -6 -7 D 1 - DR Rl P Y SR
)04 06 08 10 12 14 16 (2 D4 06 08 10 12 14 16
hi—m) 1 § 1.3 11 09 07 05 03 0l Rotate inner circle w0y
(1 -m) 15 13 11 09 07 05 43 0.1 one sample clockwise r{l)
A2-m) 15 13 L1 09 07 05 03 01 ’ #2)
A3 —m) 15 13 1.1 09 47 05 03 01 e ¥i3)
A4 —pm) 15 13 11 09 07 05 03 0.1 ! 1i4)
A(3-m) 15 13 11 09 07 05 03 01 3 vis)
A6 - m) 15 13 11 069 07 05 03 01 “ y(6)
A(T—m) 15 13 11 09 07 05 03 01 y(?)
Process repeats with period N = §
v-1
plm) = E x{m)h{n - m)
m={)
p(th = Z x{m)h(0 — m) = 520 yid) - Z x(m)h{d — m) = 648
i) m=0
y(l) = Z x{m)b(l — m) = 6.00 y(5) = Z x(m)h(S — m) = 6.(%)
e ] m =0
2= Y x(m)h(2 — m) = 6.48 yi6) = Y x(m)h(6 - m) =520
ey} m=0
¥3) = }: x{m)h(2 — m) = 6.64 W) - Z x(m)h(T — m) = 408
m={) m =0
hi—1)=h(Ty k(-5 = k@)
h(—2y = h{6) h(—~6) = h(2)
h(—3) = h{5) R(—=T) = k(]
GllTAl\/I ECE
i —4) = h{4)



Z TRANSFORM AND DFT
Sectioned Convolution

. Fast Convolution: Using DFT for 2 finite sequences
s Evaluated Rapidly, efficiently with FFT
% N;+N, > 30 - Fast Convolution more efficient
. Direct Convolution: direct evaluation
. L > N;+N, Add zeros to achieve L power of 2

Sectioned Convolution

. N, >>N, ,whatto do?
. L > N;+N, ,inefficient and impractical. Why?
. Long sequence must be available before convolution

X2 Practical waveforms : Speech, Radar - not available
X2 No processing before entire sequence - Long delays

. Solution: Sectioned Convolution
. Overlap — Add
. Overlap — Save

GITAM ECE



Z TRANSFORM AND DFT
Sectioned Convolution

Overlap — Add

* Long sequence x(n) infinite duration

« Short sequence h(n) N, duration -

. x(n) is sectioned N5 or L or M z(n) = > 2x(n)
k=0

z(n) ENz3<n<(k+1)N3—1,
Ante= 0 aAhod

o0

) = S h(m) 3w —m) = 3l

k=0

« Duration of each convolution N; + N, — 1 (overlap)

i (L] et | Aniee I ——
x DOHAST Xe OpAaSa X OpASHa X
o - - 2
Yo L N1 ot - - -3
L N oz - -
L N4
GITAM ECE
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Z TRANSFORM AND DFT
Sectioned Convolution

hin?}

Yolm)
n
0 Np—1 N+ Hp— |
xin) ‘
(o)
Q
yl(nl
2P0 a
N' 2N3"1 ) 2
XoIn] 3
y, (M
0 00000000000V00CTY a S
2N &
xq(n} 3 lll$ll$
n
0 N3 2Nz =1 yinY =yoln} +y(n) +yaln)+es-
x2(n)
n
ANy ~1
n
2N3 GITAM ECE

Fig: 2.33. Outputs of overlap-add method.
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